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Influence of the saddle-splay energy on the structure of cholesteric liquid crystals
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We calculate the director field of a cholesteric liquid crystal confined to a capillary. It is assumed
to be rotationally symmetric, defect free, and homogeneous along the capillary axis. The boundary
coupling is either rigid or planar-free. We found that the saddle-splay energy induces a preferred
direction for the director at the capillary wall. Thus this setup is suitable for high precision mea-
surements of K24. Since our result holds for capillaries of arbitrary radius, it is a counterexample
to the standard argument that K24 can be neglected for geometries which are defect free and large

enough.

PACS number(s): 61.30.Gd

I. INTRODUCTION

The saddle-splay term occurring in the Frank free en-
ergy has been known for decades [1]. In director field
calculations it had usually been omitted. The standard
argument was that it can be transformed into a surface
term by Gauss’s theorem, and is therefore of minor in-
fluence for large samples because, in this case, surface
energies are small compared to bulk energies. Also, no
experimental data for K4 were available.

During the last few years, the saddle-splay energy has
attracted new interest [2-5]. It has been found that in
submicrometer-sized cavities, the influence of K54 on the
director configuration is crucial, and a number of mea-
surements have been performed [2,6].

This paper presents a theoretical examination of a
cholesteric liquid crystal confined to a capillary. The
director field is assumed to be rotationally symmetric,
defect free, and homogeneous along the capillary axis.
The boundary coupling is either rigid or planar-free [7],
which means that the director may freely rotate within
the local tangent plane of the surface.

The free energy density of a cholesteric liquid crystal
as a function of the director n is expressed as the sum
of an elastic and a chiral contribution (when no external
fields are present):

f = fel + fchiraly (1)
where
K
fer = %(\7-n)2+%(H'VXH)ZJr73(11><V><n)2
—%V-(nxVxn+nV-n), (2)
fchiral = qOK2n -V x n; (3)

go = 27 /po is a measure for the helical twisting power,
and pg is the intrinsic cholesteric pitch. For simplicity,
we restrict our analysis to terms in the first derivative
of the director. Therefore, in Eq. (2) we have neglected
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the splay-bend surface contribution K15V -(nV -n). The
K4 term, on the other hand, does not contain any second
derivatives, as can be seen by an explicit calculation [8]
[cf. also Eq. (4) below].

As an aside, when Ky = Ky = K3 = K4 =: K, Eq. (2)
simplifies to

faimrte = & (Va)?. ()
This implies that the so called one-constant approxima-
tion contains, in contrast to the usual splay-twist-bend
ansatz, a saddle-splay contribution. There are cases
where the inclusion of the K54 term is more essential
than using exact values for K; and K3. In other words,
the one-constant approximation (4) may lead to more re-
alistic results. The geometry considered below represents
an example.

We look for director configurations that are rotation-
ally symmetric, defect free, and homogeneous along the
capillary axis. An appropriate ansatz is the double-twist
configuration [9], which is already known as an example
where the K4 term is of importance [10,11]. It has the
specific form

sin¥(r) sin ¢
n= | —sind(r)cos¢
cos ¥(r)

where the capillary axis points in the z direction and
(r, ) are the radius and polar angle in cylindrical coordi-
nates, i.e., ¢ = rcos¢, y = rsin¢. In order to illustrate
this ansatz by example, Fig. 1 depicts the director field
Eq. (5) with a linearly growing 9(r) . It should be men-
tioned that this particular choice does not correspond to
a minimum energy, but it is very similar to some of the
minimizing configurations we have computed.

The free energy density Eq. (2) of the director field
Eq. (5) has the specific form

. (5)

K
f= é—r% [sin(29) + 2rd’ — 2rq0]2 — %qo2

Ks . 4 Kz 4 .
+27‘2 sin®(29) ?19 sin(243). (6)

2702 ©1995 The American Physical Society



52 INFLUENCE OF THE SADDLE-SPLAY ENERGY ON THE. . .

FIG. 1. Sample director field with ¥(#) = n#. Note that
this is not an equilibrium director configuration, but it is quite
similar to some of the computed solutions.

The dependence of ¥ on r has been omitted for brevity.
Note that this configuration exhibits no splay, but a bend
deformation that is maximal at sites where the director
lies in the z-y plane.

From now on, all lengths will be expressed in units of
the capillary radius 7.,p, that is,

i d 1 d
G- 2, =
Tcap dr

T — TArcap’ etc. (7)

Tcap AT ’

This transformation leaves Eq. (6) unchanged, except
that r and go get a circumflex. The total energy (per
unit length) is
1
F= / o fdi )
0

The total saddle-splay contribution (per unit length)
depends only on the value of ¥ at the capillary wall, i.e.,

1
Faaddle/splay = / 2‘""’/;.]“3n.ddle/splayd72
0

= 7TI§24 [cos 29(1) — cos 29(0)], (9)

where 9(0) = 0 is required by continuity of the director
field in the center.

II. THE NUMERICAL ALGORITHM

In order to achieve a stationary director field, it is nec-
essary that the variation 6F of Eq. (8) vanish, i.e.,

NG a7
5F=27r/0 ( (arg)&u é:f)w')df=o. (10)
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Partial integration yields the Euler-Lagrange equations
o(ff) _ 0 8(Ff) _
59 o 09 0 (1)

for the bulk and

O(7f)
8y’

=0 (12)

for the boundary (at # = 1). Equation (12) is needed only
when 9 is not prescribed at the capillary wall, i.e., §9 # 0.
In this case, the director at # = 1 is not entirely free but,
rather, it is confined to the local tangent plane of the
capillary; cf. Eq. (5). This type of boundary condition is
referred to as “planar-free” [7]. Nonrubbed glass surfaces
exhibit approximately such a coupling.

Only a few analytical solutions of Eq. (11) are avail-
able. For example, if K = K3, go = 0, and ¥(1) = n/2,
we have

¥(#) = 2arctan(?), (13)
and for K3 = go = 0 and #(1) = n/4, we have
J(#) = arctan(?). (14)

In order to solve Eq. (11) numerically for arbitrary
values of K, K3, K3, and ¢9, we developed the following
successive over-relaxation algorithm on a uniform grid:

9" (i) = (1 - w)B(i) + wd, (15)

5= —gohsin® (i)  Kszsin®9(i) cos 9(3) _ sin4d(3)

(] Kziz 812
+19(’L+1)+19(’L—1)+’!9(’l+1)—"l9(1.—1), (16)
2 4z
for ¢ € {1,...,n — 1} (bulk). As usual, h = 1/n and
7 = th. In the calculations, n = 100 was used. The

over-relaxation factor w was chosen as 1.8.

In the case of planar-free boundary coupling, the value
of ¥ at the boundary is not prescribed but, rather, has
to be determined such as to satisfy Eq. (12) (¢ = n cor-
responds to 7 = 1):

new( \ hsin2d(n) = Kashsin 29(n)
9 (n) = qoh 2 2K,

+9(n —1). (17)
The problem turned out to be ill-conditioned, so that
double precision was necessary. Using n = 100, the max-
imum difference between the solution on the grid and the
analytical solution Eq. (14) was less than 5 x 1076,
ITII. RESULTS

A. Fixed boundary conditions

Experimentally, rigid anchoring at the capillary wall
in the direction of the capillary axis can be accomplished
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FIG. 2. Energies of the equilibrium di-
rector configurations as a function of the
(dimensionless) twisting power go for cases
where the director between the center and
the capillary wall rotates by mm, m =0-.-3.
The lowest energies are plotted as a solid line,
whereas the energies of the metastable states
are shown as dotted lines.

by photopolymerization [12]. In order to find out which
director configurations are stable, we have analyzed the
director configurations for various values of the (dimen-
sionless) twisting power dcqp/Po, Where deqp is the capil-
lary diameter, and for cases where the director field be-
tween the center and the wall of the capillary rotates by
mm, m being 0,1,2,3. The computations have been per-
formed for K3 = 2K,, which is quite realistic for most
thermotropic mixtures; actually, the value of K3 turned
out to be of minor influence here. K3; was not needed
here due to the fixed boundary conditions, so we chose it
to be zero. We do not present the solutions #(#), because
they are not very elucidating, in contrast to the corre-
sponding energies, which are presented in Fig. 2. The
crossover points, expressed by the values of dc.p/po, are
(1) dOHl = 0.68, (2) d14_,2 = 183, a.nd (3) d2H3 = 284,
where the subscripts indicate the corresponding values of
m.
They mark the stability range of the respective director
configurations characterized by a rotation of mm between
the center and the wall. For example, the configurations
where the director field rotates by 7, should be stable for
deap/Po € {0.68,1.83}, etc.

(1) /m A

qO/n
B. Planar-free boundary coupling

Planar-free boundary coupling occurs at untreated
glass surfaces. Clearly, this is the more relevant part
of this contribution, because the experimental technique
of generating a preferred direction inside a capillary is
very new.

We have computed the equilibrium configurations for
K, = K33 = K3/2, and for various values of §o. As a
result, it turns out that the overall rotation angle be-
tween the center and the capillary wall does not increase
continuously with increasing §o but, rather, as a series of
steps. See Fig. 3.

Qualitatively, these steps can be understood as the
consequence of the director field trying to minimize the
saddle-splay energy (per unit length), which is minimal
if n is perpendicular to the capillary axis, and maximal if
n is parallel; cf. Eq. (9). The latter position is obviously
avoided.

We have also varied K3 in order to analyze its influence
on the director configuration. From Eq. (6) it can be de-
duced that the bend energy also induces the tendency to
avoid the director position parallel to the capillary axis,

FIG. 3. Overall rotation
9(1)/m of the director be-
tween the center and the wall
for 200 equidistant values of
Go/m = (goTcap)/m™ = deap/po-
The steps occurring are the
consequence of a preferred di-
rector orientation at the surface
which is induced by the Koy
term.

go/m
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%(1)/n 4\
1.5 F
Kops/Ky=1
1.25 F
b FIG. 4. Same as Fig. 3,
but for various values of the
Ky /Ky=0
oas b 24722 saddle-splay constant and a
smaller range of dcap/po.
In particular, Kz4 /K>
0.5 = {0,0.2,0.4,0.6,0.8,1}.
0.25 |
0.5 1 5 Pl
o/

not only at the boundary, but everywhere in the bulk. We
found that there is not much difference between K, = K3
(one-constant approximation) and K3z = 2K, (realistic
value). We have also checked that the discontinuous be-
havior does not vanish even if K3 = 0. So it became clear
that the steps in Fig. 3 are a consequence of the saddle-
splay energy. Since so far K4 could have been measured
only by using submicrometer-sized geometries, this result
may be interesting for experimentalists because it is valid
for arbitrary capillary diameters and therefore allows for
a convenient choice of the capillary size.

In order to relate our computations to future experi-
ments, we present again the overall rotation as a function
of §o/m, but look now only at one step, considering vari-
ous values of K24/K>. From the step height and shape,
K4 may be deduced. See Fig. 4.

IV. CONCLUSIONS

Some director configurations of a cholesteric compound
confined to a capillary with planar orienting surface have
been calculated employing the assumption that the di-
rector field is (1) rotationally symmetric, and (2) homo-
geneous along the capillary axis.

We are aware that this is usually not the case. More
specifically, experimental results [12] revealed that for
the setup discussed in Sec. IIT A, the director configu-
ration occurring when po = dcqp is topologically equiva-
lent (smoothly transformable) to the ansatz Eq. (5) with
¥(1) = w. The difference is that the location where
the director is parallel to the capillary axis is slightly
eccentric, and it spirals around the capillary axis. We
trust that the result of Sec. IIT A, which predicts sta-
bility if dcap/po € {0.68,1.83}, is generally valid, since
this symmetry-breaking three-dimensional (3D) configu-
ration is quite similar to the 1D ansatz used here. The
configurations with #(1) > =, however, might not be

ground states but, rather, director fields with the usual
cholesteric defects are preferred.

In Sec. IIIB, planar-free boundary conditions have
been examined. One interesting feature of the geome-
try studied is that the saddle-splay energy Eq. (9) acts
equivalently to a Rapini surface energy

w .
fRa.pz"ni = '5_ San (19 - 1950.811)3

K24

Tcap

with W =

and Peqsy = g (18)

As a consequence, “forbidden directions” for the sur-
face orientations are induced. We prefer to speak of for-
bidden directions rather than of easy axes because in our
calculations, these forbidden directions are avoided by a
discontinuous overall rotation of the director as a func-
tion of deap/po. The step height of the overall rotation
is related to Ka4/K22 and, therefore, this effect should
provide a method by which to determine the saddle-splay
constant in conveniently sized capillaries. This should be
possible because the pitch of a given material can be
made arbitrarily large by varying the concentration ratio
of the enantiomers.

Again, for materials with short pitch, quite different
configurations might be energetically preferred, so that
the function presented in Fig. 3 is probably invalid above
a certain value of dcqp/po-
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